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Abstract We propose a model based on the coupling of two Boltzmann-like equations for
the study of the evolution of dust particles in a rarefied atmosphere, such as it can be found
in the context of safety studies for the ITER project of nuclear fusion.

When the typical size of a dust speck becomes too large, the numerical simulation of
the system under study becomes too expensive, and one needs to introduce an asymptotic
model in which the mass ratio between molecules and dust specks tends to 0. This model is
constituted of a coupling (by a drag force term) between a Boltzmann equation and a Vlasov
equation.

A rigorous proof of the passage to the limit is given in the spatially homogeneous setting.
It includes a new variant of Povzner’s inequality in which the vanishing mass ratio is taken
into account.

Keywords Boltzmann equation - Vlasov equation - Povzner’s inequality

1 Introduction

In the case of a loss of vacuum accident (LOVA) in the future nuclear fusion reactor ITER,
the particles of dust produced by the abrasion of the wall by the plasma might be dispersed
in the reactor and one needs to study their evolution.
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This study can be performed by the use of macroscopic models (of Euler or Navier-
Stokes type), cf. [19]. However, those models are known to be inaccurate in a rarefied con-
text, which occurs at the very beginning of the LOVA (later on, the pressure rapidly increases
and the macroscopic models recover their validity).

Our proposition of modeling for the beginning of the LOVA consists in writing a kinetic-
like system for the density of molecules and dust specks. The model that we present
can be compared to related models used for example in the study of cometary flows
(cf. [13]).

The unknowns are the density f> := f>(¢, x,v) > 0 of molecules (of radius r, and
mass mj,) which at time ¢ and point x move with velocity v, and the density f; :=
Si(t,x,v,r) > 0 of specks of dust (assumed to be spherical for the sake of simplicity)
which at time #, point x, have velocity v and radius r. Here r € R, x € Q an open bounded
and regular subset of R?, v € R? and 7 € [Fin, Fimax] With O < 7ypin < Fmar. The equations
write

3
?§+w%ﬁ=RmﬁﬁL (1.1)
a2
§+U~fo2=Rz(f1»f2)+Q(fz,fz), (1.2)

where R;, R, Q are collision kernels defined by (cf. [4])

Mﬂ@%ﬂ=LLMMﬂM@—MWWWM
X (12 + 1)l - (02 — )| deodvs,
RMMWM=AL/WMMﬁM@—NWWWM

x (ra +r)?|w - (vy — v)|drdwdv,,

with
2
v =v + %(r())[w_ (V2 —v)]o,
ev (1.3)
vy =y — 1 +£(r)[w. (v2 —v)]o,
and
0 )= [ [ ARG~ 0 fi(00)
% B(|v = va|, — 2 . 5)dodv,, (1.4)
|U_U*|
with
v = v+ v, + |v_v*|0’
T2 2 ’
C vitu -l (1.3)
v, = — o
2 2
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In relations (1.3), e(r) represents the ratio of mass between a molecule and a dust speck
of radius r (that is, &(r) = (Fin/7)>e(Fmin)). We have assumed that the collision ker-
nels R;, R, corresponding to the interaction between molecules and specks of dust are
of hard sphere type. This assumption is however not typical for collisions between mole-
cules, and we consider instead that the cross section B is of variable hard sphere (VHS)

type:
B(y,z) = Cery”, (1.6)

with Coy > 0 and « € [0, 1]. This cross section is widely used in DSMC (Direct Simula-
tion Monte Carlo) methods (cf. [2, 17] for example). Note that the rest of our paper would
still hold if C.y were a (smooth) function of z (that is, in the case of smoothly cutoff hard
potentials).

The modeling assumptions underlying (1.1), (1.2) include the absence of collisions be-
tween the dust specks. This is related to the value of the typical collision time (cf. [2]) ¢ ;
between two particles of dust, which is, in our context, much larger than the other time
scales. Note also that the collision kernels R, R, could be modeled differently, since colli-
sions between molecules and particles of dust are not necessarily conservative (that is, some
kinetic energy can be lost). For more details about this possibility of modeling, we refer to
[6] and the forthcoming work [7].

The mathematical study of spatially homogeneous solutions to (1.1)—(1.2) can be done
in the same spirit as in [1]. It leads to the following Proposition. Its Proof is briefly sketched
in Sect. 2.

Proposition 1.1 Let fi;, := f1.im(v, ) > 0 be an initial datum such that

/ Srin@, (14 [V + [log fii (v, r)Ddrdv < 400,
R

T'min

and f i = fr.im(v) > 0 be an initial datum such that

/3 Frin@)(1 + 0] +[10g f.in(W))dv < +00.
R

Then for all Coy > 0, a €10, 1[, 0 < 7yin < Fyax (constants appearing in the definition of
Ry, Ry, Q), there exists a spatially homogeneous weak solution (f; : (t,r,v) € Ry x R3 x
[Fins Tmax] = f1(8,0,7) =0, fr:(t,v) e Ry x RP > fo(t, v) = 0) to (1.1)~(1.2) such that
forall T >0,

sup / fitt,v,r)(1 + |v|2 + |log fi(t, v, r))drdv < +00,
te[0,T] JR3

T'min

sup / Fr(t, v)(1+ v)* + |log f2(t, v)])dv < +o0.
R3

te[0,T]

It satisfies moreover (for all t € R,), the conservation of mass

fora.e.re[rm,-n,rmax], / .fl(tv Uvr)dU:/ fl,in(vsr)dvv (17)
R3 R3

/R3 fat,v)dv= /Rz Srin(v)dv, (1.8)
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and the following entropy inequality

/ " At v DI o1, ) drdu, + / e I, vy
R R

Tmin

5/ . Srini, r)In(f1in (1, r))drduvy +/3 Jrin(2) In(f2,in(v2))d 5.
R3 .

T'min

Finally, if for some s > 1,
/ / (1 + WP Lfrin(. 1) + frin()ldrdv < +o0,
R3 Tmin
then one can find fy, f> in such a way that (for all T > 0)

sup /3/ A+ LA, v, 1)+ folt, v)]drdv < 400,
R Tmin

te[0,T]

and the following relation of conservation of energy holds:

Fmax 3
/ fl(t,v,r)|v|2< 4 ) drdv+8m/ ot v)|v]*dv
R R3

min

Tmin

Fmax 3
=/ / fl,m<v,r)|v|2< ’ ) drdv+sm/ Fran@loldv,
R3 Jrpin T'min R3

where &, = €(Fmin). By a weak solution, we mean here that for all T > 0,

(f1, f2) € Lip([0, T1, L' (R X [Fynin, Fmax])) x Lip([0, T1, L (RY)),

and (fi, f») satisfies for allt € [0, T], and a.e. v € R3, r € [Fins Fuax)s
t
fit,v,r) = frin(v,r) +/ Ri(f1, f2)(s,v,r)ds,
0

Falta0) = fon(@) + fo (Qfs. f)(s.0) + Rolf1. f2)(5. )ds.

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

The set of (spatially inhomogeneous) (1.1), (1.2) can be simulated at the numerical level
by a DSMC method. We refer to [6] for numerical results in the context of an experiment

related to a LOVA.

However, when the mass ratio between the molecules and the specks of dust becomes too
small, the simulation becomes too expensive. Indeed, because of the intrinsically explicit
character of the DSMC method, the time step of the simulation must be at most of the
same order of magnitude as the lowest of the time scales defined by the different types
of collision. Here, it corresponds to the typical collision time #; » between molecules and
particles of dust (from the point of view of particles) which is related to the collision time

between two molecules #, ; by the formula
2~ (e(r)h,.
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Small Mass Ratio Limit of Boltzmann Equations in the Context 543

In order to perform computations on a time scale of the order of 1, », it is therefore necessary
when the dust specks are “too big” (in practice, for the applications that we have in mind,
when their typical radius is bigger than 10~ m) to write down a model in which the mass
ratio &(r) vanishes.

In order to do so, we perform a dimensional analysis leading to a non-dimensional form
of the equations, in which appears a parameter p which is related to the mass ratio and which
tends to infinity when this ratio vanishes. These equations write (in a spatially homogeneous
context)

d

‘gll:P = pCRf'p(fl,py fzﬁ‘p), (115)
9 a,p

% :CRZ,[ (fl,])afZ,p)+Qa(fzyp,fz’p)’ (116)

where 0%, R{"", R}" are defined by
0 (fa, L) = /ﬂg} /Sz[fz(v/)fz(v;) — f2(v) f2(vs)]
X ijflv — v.|%dodv*,

where C;‘ff is a dimensionless constant [and v’, v, satisfy (1.5)],

R (fi, )i, 1) = /};2 /82[f1(vi,,,,r)f2(vé,,,) = fitvr, 1) fa(v2)]

(vz — ;—;) ~a)‘da)dv2,
a,p "0

Ry (f1, f)(v2) = /H@ /52/1 L1y 1) (V3 ) = fi(vi, r) f2(v2)]

1 2
X < +r) (v; — 2) a)‘ drdwdvy,
2/mpc &p

where ¢, & are dimensionless constants, ro = 224, and

Tmin

vV, = +2$p—r_3|:w<v—£>i|w
br =T g2 2T Ep )|

vy, = —Lp)z[w-<v —£>i|w
e T Ep

This dimensional analysis is briefly explained in Sect. 2, and a detailled description will be
published in the forthcoming work [7].

We rigorously show in this paper that in the limit p — oo, the solutions to (1.15)—(1.16)
given by Proposition 1.1 converge towards the solution of the following Vlasov-Boltzmann
coupling:

1 2
X +r
()

and

(1.17)

a
Uy K- Vufi =0, (118)
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a
% =m(fri)L(f2) + Q“(f2, f2), (1.19)
where
m(f1in) = C/ /"o fl,in(vl,r)rzdrdvl,
R3 J1
L(f2)(t,v) = /Sz[fz(t, v=2(w-v)w) — fo(t, V)]V oldo,
and

2ne
KN =T [ ol ot vden (1.20)
rS R3
More precisely, we shall prove the

Theorem 1.1 Letc >0, & >0, C;’ﬁ- >0, a € [0, 1], ro > 1 be the parameters appearing in
Q% R, R Letalso fiin:= frin(r,v) >0, fam:= fo.m(v) > 0 be initial data such that

)
// Fiin )1+ [0]* + [log fiin (v, P)drdv < +o00,
R>J1

/]1@ Fr.in@) (14 []* + [log f2.m(v)Ndv < +00. (1.21)
Then, if (fi1,p, f2.p) denotes a family (indexed by p) of weak solutions to (1.15)—(1.16)
given by Proposition 1.1 (with f1 ,(0,-) = fi,in, f2,p(0,-) = f2,in), One can extract a subse-
quence (still denoted by (f1 p, f2,p)) which converges for all T > 0 in L>([0, T']; M'(R3 x
[1, 70]) x LY(R3)) weak* towards a weak solution (f1, f>) € L*®([0, T1; M'(R3 x [1, ry]) x
L'(R?)) to (1.18)—(1.20).
By a weak solution, we here mean that for all € CCZ,(]R+ x R? x [1, rol), we have

0 ro 31//
_/ f / Sfitt,v,r)—(,v,r)drdvdt
0o Jr3J1 ot

:/ /ro flv,«,l(v,r)W(O,v,r)drdv
R3 J1

+/oo/ frOK(fz)(t,r) -V (t, v, r) f1(t, vy, r)drdudt, (1.22)
0 R3 J1

and for all p € C2(Ry x R?), we have

_/w/ fz(t,v)a—w(t,v)dvdt
0 R3 8t

- fR Fran@0(0, v)dv + m(fi) / /R L) (¢ v)o(t, v)dvdt
3 0 3

+f fQ“(fz,fz)(t,v)w(t,v)dvdt. (1.23)
o JR3

Note that in the formulas above, we have used the notation f(-,v,r)drdv instead of
df (-,v,r). This is justified in particular by the fact that this measure has a density, as
stated in the remark at the end of this paper.
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Small Mass Ratio Limit of Boltzmann Equations in the Context 545

Small ratio of mass limits in the context of kinetic equations are described in [8], in
particular in the context of plasmas. Among the many references in this work, we wish to
quote [9] and [10], in which some of the computations are close to the computations that we
present here.

Our method of proof is based on uniform w.r.t. p a priori estimates including in particular
moments estimates based on a new variant of Povzner’s inequality, especially suited for
collisions of particles with disparate masses. We refer for previous versions of this inequality
(including inequalities devised for non cutoff or energy-dissipating kernels) to [3, 11, 12,
14-16, 18, 20].

Unfortunately, the entropy estimate for f; , is not uniform w.r.t. p (this uniformity holds
only for f> ,) so that the passage to the limit when p — oo is done only in the sense of weak
measures. Note that measure-valued solutions to the Boltzmann equation have been intro-
duced in the context of steady solutions, (cf. for example [5]). Our own context is somehow
more favorable, since when the initial datum is smooth enough, the equation obtained at the
limit preserves in the evolution this smoothness.

The second section of this work is devoted to a brief Proof of Proposition 1.1 and to
the exposition of the dimensional analysis leading to (1.15)—(1.16). Then, in Sect. 3, Theo-
rem 1.1 is proven.

2 Preliminaries: Proof of Proposition 1.1 and Dimensional Analysis

We begin this section with a brief sketch of the Proof of Proposition 1.1. It mainly uses
classical tools, and can be found in detail in the forthcoming work [7].

Sketch of the Proof of Proposition 1.1 We first introduce the following approximation of
(1.1) = (1.2) (in the spatially homogeneous case),

ot RIS

— , 2.1
141 [ [1fNdrdv+ L[] dv
ofy _ RIUT S+ QUL ) 02
o 14 [IfNdv+ 1 [ [1f!1drdv’
1
IO, 0,7) = frin@, )y or<n + ;e—‘v‘z/z, (2.3)
1
BO.0) = frn)igy iz + e (2.4)

with R}, R;, Q" defined by (1.3), (1.5) and
RI(fi, f)(vi, 1) = /R3 /S‘z[fl W, 1) () — fi(v, ) f2(v2)]
X min {n, 1+’ |w- (v — vz)l}da)dvz,
R, f) () = /R 3 /S 2 f LA A = i, )]
x min {n, (1 + 7)o - (v; — v)|} drdwdv,
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546 F. Charles, L. Desvillettes

and

0" (f2. f2)(v) = /R} /Sz[fz(v/)fz(v;) — L) 2(v)]
x min {n, Coplv — v,|*} dodv,. (2.5)

We first observe that the operators in the r.h.s. of (2.1)—(2.2) are Lipschitz-continuous
w.rt. LY(R3 X [Fins Frax]) X L' (R?) so that one can find a solution in C'(R,; L'(R? x
[Fimins Fmax]) X LY(R3)) to system (2.1)—(2.4).

Moreover, it is easy to prove (thanks to some variant of the minimum principle) that f},

' > 0, and one can check that the following uniform w.r.t. n a priori estimates hold:

sup / firt, v, rydrdv < +o0, (2.6)
1>0,neN* JR3 Jrp,
sup / 5, v)dv < 400, .7
t>0,neN* JR3

(deduced from the conservation of mass for molecules on one hand, and dust specks on the
other hand)

sup /3 ( fi (¢, v,r)|log f1'(t, v, r)|dr
R.

t>0,neN* T'min

+ £ (t,v)|log f5' (1, v)|)dv < 400, (2.8)

(deduced from the entropy inequality)

sup /3 (/ ' |v|2f1"(t,v,r)dr+|v|2f2”(t,v)>dv < +o0, (2.9)
R T,

t>0,neN* ‘min

(deduced from the conservation of kinetic energy).

As a consequence, it is possible to extract from the sequence (7', f3)ncn+ a subsequence
which converges in C(Ry; L' (R? X [Fymin, Finax; (14 [v])dvdr) x LY(R?; (1+ |v])dv)) weak
towards a couple of functions ( fi, f>) such that fi, f» >0, fi, f> satisfies the bounds (2.6)—
(2.9) (with f', f;' replaced by fi, f>, and without having to take the supremum w.r.t.
n € N*), and fi, f, is a weak solution to (1.1), (1.2), with initial datum f; ;,,, f2.in-

The Proof of Proposition 1.1 can be concluded by noticing that for all s > 1, estimates
(1.10) and (1.11) are a consequence of an easy variant of Povzner’s inequality (cf. for exam-
ple [16]). Once again, we refer to the forthcoming work [7] for a completely detailed Proof
of Proposition 1.1. ]

We now turn to the establishment of a non-dimensional version of (1.1), (1.2). Our as-
sumptions concern cases in which the number of dust particles is very small in front of the
number of molecules, and in which the radiuses of different dust particles are of the same
order of magnitude.

We introduce a time scale #° which is the typical collision time of two molecules (we
refer to the forthcoming work [7] for non-dimensional versions of (1.1), (1.2) with other
time scales), a typical length scale L which corresponds to the mean free path of molecules,
and, like in [9], two different scales V;° and V; for the velocities of particles of dust and
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Small Mass Ratio Limit of Boltzmann Equations in the Context 547

molecules respectively (they correspond to the thermal velocities of the species). We assume
that the two species have temperatures of the same order of magnitude. We let 7° be this
order of magnitude. Under this assumption, V,° and V; are defined by

. 8kT° . [8kTe
VP=[|———— and Vy= ,
M1 (Fin) Tmy

where m(7,,;;) is the mass of a particle of dust of radius r,,;,, and m, is the mass of a
molecule. These velocities are related by the formula

Ve = Jen V5. (2.10)

Contrary to the assumptions made in [9], we introduce here two different orders of mag-
nitude n{ and n3 for the number density of the species, and we define by

o=t (2.11)

the ratio of these magnitudes. In the applications that we have in mind, this ratio is very
small.
Then, we introduce the dimensionless densities in the phase space:

~ - V "’lln
B 500 F) = (2’ Altox v,

1

and

( 2°)2

Fold, %, 02) = falt, x, v),

where x, ¢, 0 and v, are the dimensionless variables defined by

_ X 7 t _ r ~ Vg . ]
X ==, =—, r=—-—, V1 = 5> V2= ——,
L t° 'min Ve Vy
where
o 1 o o
= —— L=tVy,
A nSri Vs

and f}, f, are solutions to (1.1)—(1.5). The densities ( fl, fz) are then solutions to the fol-
lowing system of equations

) ! o
f1+\/av1 Vfl——<i) Ri(f1, f2),

f2 a® [ n o, - vy
rr +0,-Vifo = e (-) Ry(f1, [2) + O(f2, f2).
7 \ &,
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Here R;, R, and Q are defined by

0(fo, f)) = / / / [A@) AL — HO) H©)]
]R3 R3 SZ

Ce VO o . . .
#Iv—v*ladadv*,
dmryVy
with
V/_lv)"i'ij* |v_i3*|
T2 2 ’
o VU U0
v, = — g,
* 2 2
Ri(fi. f) (1. 7) = / ? / LA@L A H@) = fi@n, ) H)]
R3 Js
e \1/3 2
X ((—) +F) |(Vy — \/EmD1) - w|dwd Vs,
n
and
D (7 PN rO"A/—VV/ Pon =N FoN
Ry (f1, f2)(v2) :/-}/2/ L0y, 7) fa(Vy) — fi1 (01, 7) f2(02)]
R3 Js2 J1
e \1/3 2
X ((—m) +f> |(Vy — /€n11) - w|drdwd?y,
n
with

2 /emr 3

V=10, + —[w - (V3 — Jen11)]w,
1 1 1+8mr‘3[ (V2 — V/emv1)]
o 2 (- (& 5Dl
V=0 — ————[w- (U — /e, 01)]w,
> 277 = 2 m V1
and rg = :”M Finally, 1 is a dimensionless constant defined by n = 4731'233 , where p is the vo-
min 2
lumic mass of particles of dust and r, the radius of molecules (that is,

Cop (V)"

s2— (this parameter is of order
4nryVy

(&)1/3 = "r”—z""). From now on, we also denote Cgj :=
1 under our assumptions).

We now put ourselves in a spatially homogeneous context, and we establish the dimen-
sionless versions of various estimates (mass, energy, entropy).

We first notice that the dimensionless versions of the relations of conservation of mass
are similar to formulas (1.7) and (1.8): we get indeed, for a.e. f € R, and for all 7 € [1, ro]:

/ FiG 1, Py =/ 710,81, F)dd, 2.12)
R3 R3
(where ry = ’rfﬁ), and
/ (@, vy)dv, = / 1200, ¥2)dv,. (2.13)
R3 R3
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We also get

T'max ) r 3
S, vy, r)vr] drdv;
T'min R3 Timin
o .
e A TR
1 R3
/3 fa(t, U2)|U2|2dU2 = nS(V;’)Z /‘3 fz(f_, l52)|1V)2|26152~
R R3

Thanks to (2.10), (2.11), one deduces from the relation of conservation of energy (1.11) the
following relation:

ro P _ R _ o v o . .
o f / FiE. o0 P81 PP dFdD, + / R, 015
1 JR3 R3
ro N o
=a° / / £1(0, Dy, P9, PP did i, + / 0, 02) 022 d . (2.14)
1 JR3 R3

Moreover, since

/R3 /M fi@, vy, Y ICfi (2, vy, r))drdv,
:n‘;/R3 /lro i@, b1, F)In(f (7, by, 7))dFd i,
+ nS(n(nS) — (V) Fonin)) /R} /Im fi(@, Dy, F)drdiy,
and
fR (v In(f(t, v2))dvy =13 /R D 5 In(fa(E, B2))dbs
5n0nD) — (V) [ @ v,

(and thanks to relations (2.12) and (2.13)), the entropy inequality (1.9) leads to the following
inequality:

ro P _ Ao _ . v o_ o v o_ o .
ao/%/ S, 01, 7)In(f1(z, 01, 7))drdv, +/% Sf2(t, v2) In(f2(2, ¥2))d V2
R J1 R3
ro N N
<o® / / F10, 60, ) I 0, By, P)drdiy
R3 J1

+ / F2(0, 92) In( (0, ¥2))d 5. (2.15)
]R3

In the experiment that we consider, the typical value of «° is 10, that of ¢, is 10~!2,
and that of 1 is 6 - 1072, Therefore, we consider that

a® ([ n 213 1 1
c::—(—) ~1, and ~ —:=p— o0. (2.16)
4 \ &y &m a°
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550 F. Charles, L. Desvillettes

We now write fi(t,v,r) 1nstead of fl (t U1,7), f>(t, v) instead of fz(t 15), Q° instead
of 0, R}"" instead of Ry, Ry" instead of R,. Then we have (6”’ )3 = 5 W and we write
ﬁ =£&p, with £ > 0 fixed. We end up with system (1.15), (1.16).

Next section is devoted to the proof that when p — oo in (1.15), (1.16), the solutions of

this system converge towards the solutions of a Boltzmann-Vlasov coupling given by (1.18),
(1.19) (that is, Theorem 1.1).

3 Proof of Theorem 1.1

We now begin the

Proof of Theorem 1.1 For the sake of readability, we only consider the case & = 1 (this
changes nothing in the Proof). We first express what remains of the relations of conservation
of mass, energy (and of the evolution of entropy) when p — oo in (1.15), (1.16), under
the assumptions of Theorem 1.1. According to relations (2.12), (2.13), (2.14), (1.9) and to
assumption (2.16), the following estimates hold, for all p € N, for all # € R, and for a.e.
rell,rl:

,/]Rl3 fl,p(tsvvr‘)dv:‘/]Rl3 fl,in(vvr)dv5 (31)

/fz.p(t,v)dv=/ Srin()dv, (3.2)
R3 R3

1 o
—/ / fl,p(t,U,r)ln(pr(t,v,r))drdv+/ Fop(t,0)In(fr (2, v))dV
P Jr3 J1 R3

1 o
<L / f Fran (s Y ICfran (v, P)drdv + / Fron@ In(fon@)dv,  (33)
p Jr3 1 R3
and

1 ro
- / f fipt, v, n)vl*ridrdv + f fop(t,v)|vPdv
P Ji R3 R3

1 [
=— / / Jrin(, ) v*ridrdv + / Frin@)|vPdv. (3.4)
pJ1 JRr? R3
We consequently obtain the following bounds (for all T > 0)
sup sup / (L+ v+ [v]?) fo,p(t, v)dV < H00, 3.5)
peN*1€[0,T] JR3
and
ro | |2
sup sup / / (1 + |v| + —> Sfi.p(t, v, r)drdv < +o0. 3.6)
peN*1e€[0,T]1 JR3 J1 p

Estimate (3.5) is indeed a direct consequence of relations (3.1), (3.2) and (3.4). So is also
the bound

2
sup sup / / (l + u) S1.p, v, r)drdv < 400.
peN*1e[0,T] JR3
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In order to obtain (3.6), we only have to prove the following bound:

o
sup sup /11&3/1 vl fi,p(t, v, r)drdv < +oo. 3.7

peN*re[0,T]

Let p e N*and r € [0, T]. We have

ro
//‘fhp(tzvlyr)ll)l'drdvl
1 R3
o
:/ /fl,in(vlyr)|ll1|drdv1
1 R3

ro t
+pc/ /%/ R (f1.ps fr.p) (s, v1, P)|vildsdrduy,
1 RrR3 Jo
with
ro "
/ / Srin(ur, r)vildrduv, S/ / Frini, ) (14 [1]?)drdv; < +oc.
1 R3 1 -

Thanks to the involutive character of the transformation (v, v,) — (vﬁ’ P vév p), one can get:

t ro
P// /3R‘f’p(fl,p,fz,p)(s,vur)lvlldrdvlds
o [ ool ()
R3 JR3 J§2

) (|U1,p| — | |)drdwdv,dvids.

d

Noticing that

V1 , V1
o- | ——v)|(v | —lvu)=|——vn
p p

C 2
< <1+%> (1+ [nal?),

p

t ro
P/ / / RYP(fips fop)(s,vi, r)dsdrdv,
0 Jl1 R3

2
< Cy sup sup / / (l—i-M) fi,p(t, v, r)dvdr
peN*t€[0,T] JR3

X sup sup / (l—l—lvzlz)fqu(t, v)dv,
peN*te[0,7] JR3

vy, — il

we get

and estimate (3.7) (and therefore (3.5)) holds.
We now show that higher order moments can be bounded for f, , (uniformly w.r.t. p),
provided that they initially exist. More precisely, we define for s > 1, and g; :=
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gi1(t,v,r) >0, gy := ga(t, v) > 0, the quantities

M0 = [ asun e+ [CFacunala
and
Se0 = [ a+necoas [ [T angeondd.
Then the following proposition holds:
Proposition 3.1 Let s > 1. Then there exist constants Ky, K>, K3 > 0 which depend only

ons,T,ro,c,& and Cge > 0, a € [0, 1] in the cross section of Q°, RY?, R, such that (for
all gy :=g1(t,v,1r) >0, g2 := g2(t, v) > 0 such that the integrals make sense)

[+ 105) 0. g0, 0o
< K1 Mo (82, 82) (1) (M2, 5 (82, £2) (1) + Mag_3 (82, 2) (1)), (3.3)
[ sy {wre e+ [ R @ e
< Kao[ Mo (81, 82)(1)S1(1, 82) (1) + pMas 1 p (81, 82) ()M (81, 82) ()], (3.9)
and
/Rg (1+1v1%) {RZ”’(gl, 82)(t,v) + /Imr“Ri"”(gl, 82)(t, v, r)dr} dv
< K3M> (81, 82)(1) May—1,5(81, 82) (1) + %Sl(gl,gz)(t)Mzs,p(gl,gz)(l)

K K
+ p—jMst,p(gl,gz)(t) + 73M3,p(g1,gz)(f)Mz.cfz,p(gl,gz)(l)~ (3.10)

Proof of Proposition 3.1 We use the classical Povzner’s inequality to prove inequalities
(3.8) and (3.9). More precisely, the inequality for (3.8) can be found in [11] for example.
We have, for inequality (3.9):

f (1 +|v|25)( 3P (g1, g2)(t, v>+/ r R (g1, 82)(t, v, r)dr)dv

/3/:/ / (r |v1p| +|U2p| ) =¥ ¥ — |v2|2‘)
R3 JR3

1
w-\— = +r) g, vi,r)g(t, v)drdwdv,dvy,
(p )‘ (2«/ )

and since the couple of velocities (v} > V3, ,) given by (1.17) satisfies the relation

X

A e A S P E R NS
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we get

3 2 2\s 3s 2s 2s
(1], P+ 195, ) = o = [al®)

(G-
w:|— —U
p

v
25—1 25—1 1
< Cyi(s,ro) (Jo1 P ozl + i [|v2 )'— — 2

1 1 _ _
< Cy(s, o) <;|v1|2‘|v2|+|v1||v2|25+;|v1|2|v2|2“ Yo ]® 1|U2|2>

and estimate (3.9) holds. This estimate only depends on moments M with k < 2s, but is not
uniform w.r.t. p. So it is not possible at this level to use it to establish a uniform estimate on
the moments M,.

Therefore, we establish inequality (3.10) thanks to a new variant of Povzner’s inequality.
We use for that an other parametrisation of the post-collisional velocities in the operators
R} and R}” (cf. [11] again):

1
— —

1 1 2o
R (g gt = [ [ 5
(g1, g2, v1, 1) /11;{3/322<2«/7T—17C+r> »

X[gl(ts vi,,pv r)gZ(t7 Ug,p) — &1 (tv V1, 7)82(1‘7 UZ)]deUZa

and
RYP( )2, v) / / /rol 1 n 2 V1
’ , s ) = = r] |—-—v
2 SRR = e ) 2\ 2y mpe P
x[gi(t, vy ,,r)ga(t, vy ) — gi(t, vi,r)ga(t, v2)ldrdodu,
with

2
P p P V) 1
o= (74 5) -5

2
" P 1 3 U2 3
= — —_— ‘U —_—
v, T+ 2 [p(lr +p)+r

We now establish the new variant of Povzner’s inequality. We define, for (v, v;) € R3 x R3,
o €S?% rell,ry] and s > 1, the quantity

(3.11)

V) — —

o]
o .
p

Ul ) =] 2 0 2 = P oy = ol

where v} , and v; , are given by (3.11), and we begin by introducing the vector oy € S?
defined as:

Noticing that r3— # >0 forall p e N*, r €[1, ro], we get
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2\ 1 2 |28 AW
= _r | R e 1Y B o Eet TE (P RV
1+rip? p? p p p?
_ r3S|v] |2£ _ |U2|2X

2 2s - 2s
p 3s ;3 1 2
<|+—— r r~— — | v+ —|v
_(1+r3172) ( pz)' ! pl 2']
273 1 o
+L—MH(ﬁ—7)mq}—ﬂmW—wﬁs
p p

< (as(p) = D) (i + [v2]*) + F (v, v2),

_ P’ » 3 1 > 3 (2 >
wn=(177) {(f )+ (G) |

A

with

and

p2 2s
F(vi,v) < Cy(s) <m>

1 2s—1 2 2 3\ 25—1 1
x 3o P ool | 7 <r3__2> _+(L> (r3__2)
p p p p
- 1 2 25—1 2 3 1 2s—1
+ vl B | <r3 - —2> (_> + (L) <r3 - _2>
p p p p

2-1 25-1
< Gypr (01 Mool + [vi 02?71,

with
2 2s 1\>1 2 2\ ! 1
Gopr = Culs) (L= ) PV (P-=) =+(= P =
\P, 1+ r3p2 p2 p p p2
f Cst(sa rO) )
p
Moreover,

Mf—W+MﬁTﬂ

as(P) = |: (1 +I’3p2)2

consequently we have

K C.V (sv T ) 5 — §—
MMMﬂ§47LWWWMHmmF? (3.12)

@ Springer



Small Mass Ratio Limit of Boltzmann Equations in the Context 555

We then study the quantity y; , (o,r) — ¢, ,, (00, r) for any o € S%. We denote here
v’{qpﬂ and vé"pya
tor o, and v

1 and v//
can write

L.p.og 2,p,00

‘ A 3 2 2 2 2
Un, 0y (@ 1) =W (00, 1) = (0], 1% = o], 0 1P+ 07, o 12 =y, o
with

" 2s " 2s
|v1,p,g| - |U1,p,[;0|

2 2s 2s
p 3 1 2
f(rrﬁpz) [["“'(’ +F>+Z'”2'] -

4 2 ” 2
2,p,a| b |v2,p,<70| ’

P2\ [[2r? 1 2 ;1
< 3,2 7|U1|+ ?4‘" lva | — 7|U1|— r 2 [va]

Using the inequality

.1 2
ri—— )l = =]
p p

2s
5

and

|v

(a+b)?
(@+b*—(@-b*= s/ 2" ldx <4s(a +b)*2ab,
(a—b)?
with a, b > 0 and s > 1, and the inequality
(@a+b)" <2 (a* +b"),
with x > 0, we obtain:

7 2s " 2
l,p,(7| f— |U1,p$(ro| *

<< r >2S4"3[| |(*+ 1)+2| |TH| |[1| 142 |]
—_— vl r+— —|v vi| | —|v v
=\T17,2 » 1 2 » 2 1 » 1 2
2 2s 25s—2 25—2
Cy (s, 1 _ 1 2 _
5( P3 2) 1(s,70) vy [ 2(r3—|——2) _|_<_> va |2
L+rp p p p

1
X |vy] [—|U1| +2|Uz|] ,
p

lv

and

” 2s " 2s
|U2,p,g| - |v2,p,a()|

p? ¥ 4513 [ 203 1 5 2 3 1
< m 7 7|U1|+ F‘i"’ [va 2r |v1|—|—;|v2| [va

the post-collisional velocities given by (3.11) corresponding to this vec-
the post-collisional velocities given by (3.11) for o = 0. We
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p? » Cy(s,ro) | (27 B 25-2 1 3 B2 25-2
1+r3p2 p 7 |v]|l "F ?—‘l_r |U2|

1
x [2r3|v1|+—|v2|]|v2|.
P

IA

Then
”35(|Ui,,p4,a|2s _ |vi/,p.0'0|25) + |vé/,p.6|25 _ |v/2/,p'ao|2s (313)
< by (P)[r*[vi[* + [v2* 14 H (v1, v2), (3.14)
where
2
CS (S7r0) p2
by(p) == 2 3,2)
p I+rip
and
p2 : Cy:(s,r9)
H (v, _ st 70 25—1 25—1
(v1,v2) <1+r3p2) { » (loallvr 2= 4 o |2 *7)
Cu(s.ro) (2777 o o
+7tp2 0 (; [lo1 P2l * 72 + [va P oy 272 ¢

Finally we estimate % (o, r)| “71 — v,|. Thank to (3.12) and (3.13), we obtain, for s > 1

V1,02
and using the bound 1 <r <r,

s Cyi (s, 10) s sy Csi(s,1o) s o
Sy (@.7) < =2 (o P+ ) A = [ P o] + o o ]
Cyi (s, ro) o _
+ = o PP P o R ]
p
Then
s Ui
Vi, (0:1) | — — 12
p
Cy(s,ro) [1 s s Cy(s,rp) [ 1 5 5
< SOy P P S| (o g oy v
p p p P
Cs (S, rO) 1 — s—
+ 2 = o PP+ Pl 2
Cy(s,ro) [ 1 o 5
+ = =i Pl + Pl P2
p p
and we finally obtain (3.10). This ends the Proof of Proposition 3.1. a

Thanks to Proposition 3.1, we can prove the following (uniform w.r.t. p) bounds for the
solutions of (1.15), (1.16):
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Proposition 3.2 Under the assumptions of Theorem 1.1, the moment of order 3 of f> , is
uniformly bounded (w.r.t. p) for all T > 0, more precisely:

/ / ( fiptv,r)+ fo,(, v))( +|v|3)drdv < 400. (3.15)
tel0, T] pEN* R3

Proof of Proposition 3.2 Thanks to (3.5), (3.6), we know that (for all T > 0)

S:= sup sup S\(fi,p, f2,p) <+00, (3.16)
tel0,T] peN*
and
M, := sup sup My ,(f1,p, f2,p)(t) <-+oo. (3.17)
1€[0,T] peN*

The proof will be divided in several steps. We first notice thanks to (3.8) and (3.9) used with
s =3/2 that (for all T > 0)

1
sup sup —Ms3 ,(f1,p, f2,p) () < +00. (3.18)
peN*re[0,T] P

Using the same inequalities, but with s = 2, we then obtain:

1
sup sup — My ,(fi,p, f2,p)(1) <+00. (3.19)
peN*t€[0,T] P

This allows us to prove, thanks to inequality (3.10) used with s = 3/2 that:

sup sup M3 ,(f1,p, f2,p)(t) < +00. (3.20)
peN*1€[0,T]

Let us now give a few more details about the successive bounds:
Bound on %M&p(f]’p, Jf2,p)(®): Since fi , and f, , are solutions of (1.15) and (1.16), we
have, forall s > 1:

MZs,p(fl,pv f2,p)(t)

— Moy Froms fon) + / fR (14 [02%) Q*(fipe fo) (s v)dvad
0 3
+C/ /3 (L+ [02*) RS (fi.ps o) (T, v2)d0adT

+c/// S(L+ i 7) REP (fips fop) (T, 01, r)drdvdr.
R%

Thank to (3.8) and (3.9), we obtain the following bound when s € [1, 2] (with the notations
(3.16) and (3.17))

M2s,p(f1,pa f2,p)(t) < MZs,p(fl,im f2,in) +PCK2M2/ MZs—l,p(fl,pa f2,p)(T)dT
0
+(K1Mz+cKzS)/ Mo p (f1.ps f2.p)(T)dT. (3.21)
0
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Taking s = 2 in (3.21), we obtain
Ms ,(fi.ps o p)(®) < M3 ,(frins frin) + pcKaM5T
+ (K1 M3 +cK>S) /0’ M; ,(f1.p, fo.p)(T)dT.
Then, thanks to Gronwall’s lemma, we can deduce that for all ¢ € [0, T]:
%MS,p(fl.iﬂ Fop)(®) <[cKaM5T + My i (f1ins foin)]expl(KiMy + cKaS)t],  (3.22)
so that relation (3.18) holds.

Bound on #M;w,(f],,,, f2,)(®): Using now inequality (3.21) with s = 2, we see that for
some constant K4 > 0, forall r € [0, T'],

M4.p(fl,pa f2,p)(t) - M4,p(f1,[77 f2,p)(0)

S&{fo M4,p(f1,p7f2.p)(r)dt+p/(; MS,p(fl,p7f2,p)(r)dr}-

Using (3.22) and Gronwall’s lemma, we see that estimate (3.19) holds.
Bound on M3 ,(f1,,, f2,,)(t): We here use the bound (3.10), and obtain, for all s € [1, 2],
the following estimate:

K t
M2x,[7(fl,p7 f2,p)(t) = M2x,p(fl,in7 f2,in) + Cp_23/ M2s+l,p(fl,p; fz,p)(f)dl'
0
K; !
(25 ) [ Moy (i 0
0
t
+ CK3M2/ M2x71,p(fl,p7 f2,p)(f)df
0

K t
+073‘/0 M3,[7(fl«,p7 fz’p)(f)MZS*2,17(fl,p, f2,p)(t)df.
(3.23)

Taking s = % in the previous estimate, we get:
K; (!
M; ,(fips f2.0)() < M3, (frins fr,in) + C? My, (f1,p, f2.p)(T)dT
0
K; ! 2
+ C;S—I—MzKl M3,p(f1’p,fzip)(f)dT+CK3M2T
0

K t
6225 [ My i
p 0
so that thanks to (3.19) and Gronwall’s lemma, we get estimate (3.20) (and (3.15)). a

‘We now are in a position to pass to the limit in (the weak form of) (1.15), (1.16). We first
notice that thanks to estimates (3.3), (3.5) and (3.6), the sequences (f1 p, f2,,) pen+ converge
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up to extraction to measure-valued functions (fi, f>) in L®(R,; M'(R3 x [1, ro]) x L' (R?))
weak* and the following estimate holds:

ro
sup // 1+ |v)) fi(t, v, r)dvdr < oo, (3.24)
10,71 JR3 J1
sup / 1+ [v]?) fo(t, v)dv < oo. (3.25)
te[0,7]1JR3

In the sequel, we keep the notation f;(t, v, r) for the measure-valued function f;: R, —
M'(R3 x [1, ro]) as in (3.24), though this measure might a priori not have a density w.r.t.
Lebesgue’s measure.

Moreover, thanks to assumption (1.21), and bound (3.15), moments of order lower or
equal to 3 of f, , are bounded w.r.t. p.

In order to conclude the Proof of Theorem 1.1, it remains to show that (fi, f2) is a
weak solution to (1.18), (1.19). We study for that the convergence of the weak form of
kernels R (f1.p, f2.p)s B3 (f1.p, f2.p) and Q%(f2.p, f2.p), Wwhen p — 00, in the following
proposition.

Proposition 3.3 Under the assumptions of Theorem 1.1, we can extract from (fi p, f2.p) pens
a subsequence such that (for all T > 0):

1. forall y € C*([0, T] x R? x [1, o)),

T ro
lim / / / PeRYP (S ps fop)¥drdvdt
0o JRr3J1

p—>xX

T T
:/ / /0 K(f2) - V¥ fidrdudt, (3.26)
o Jr3J1

2. forall p € CCl ([0, T] x R?),

T T
lim / / R (fip fop)odvdt = / / m(frm L) edvds:
0 R3 0 R3

p—>0

3. forall ¢ € C.([0, T] x RY),

T T
tim [ [ 0 popedvar= [ [ 0% fpdvar.
0 R3 0 R3

p—>00

Proof of Proposition 3.3 1. Let ¢ € C2([0, T] x R? x [1, rg]). Denoting

T o
L= pc/ /3/ V(5. 0. VRO (1 fo.p)(s. v, P)drdvds,
o Jr3 /i
and
T Yo
I :/ / / K ()@, s) Vo (s,v,r) fi(s,v, r)drdvds,
0o JRr3JI
where K ( f>) is given by (1.20), we prove that

pli)nololl’p=lll
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Thank to the involutive character of the transformation (v, v) — (vj’ e vé’ p), I, can be
written under the form:

T ro 1 2
Il,pzc/o /11%3/11{{3/52/; <2W+r) S1.p(s,01,7) f2, (5, v2)
(5-»)
-\ ——W0)|P
p

Y :v1+2p_r3[w. (Uz_ﬂﬂw,
P p2+}’_3 p

and thanks to the relation

x (W (5.0} 1) = Y (s,v1. 1)) drdwdvydvds

with

f (a-w)(b-w)la-w|dw=rm|al(a-b),
S2
for a € R? and b € R3, I; can be written under the form:

T ro
I = ZC/ / / / / 21 - @|(v2 - @) fals, v2) (@ Vo, Y (s, v1,7))
0 JR3JR3JS2J1

1
X _3f1 (U], r, S)drda)dvldvzds,
;
We now write the difference I; , — I, as the following sum:

Ly—h=J',+J,+ 1, +J,+ 71,

o[ LS Gt ) =] s e

®- (”— —v2>’[1p(s v o) = ¥(s, v1, HIdrdwdvadvds,

Ao [ LLLS T ()

x 12 fi (s, v, )Y (s, vy o 1) — ¥ (s, v1,r)]drdodvydvds,

T ro
5, =c / f / / / 2 fi.p(8,01,7) fa,p (5, v2) @ - va
0 R3 JR3 J§2

X[p(llf(s,vi,,,, r) =¥, v|,r))— =@ Vy (s, v, 7)(v2 - w)]

where

X

—|w- U2|:| fo,p(s,v2)

X drdwdvidv,ds,

r()l
le_ZC/ / / / —w - Vy, ¥ (s,v,7) fi(s, vy, r)drdv
s2 JRr3

X f (f2.p(s,v2) — fa(s,v2)) (V2 - ®)|w - vV2|dvadads,
R3
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r()]
le—zc/ fS/f Lo Vs, 01, ) (i s, 01,7) — fils, vy, P)drdvy
2 R%

X / Fo.p(s, v)|@ - va2](v2 - w)dvrdwds.
R3

Note that the three first terms are related to the convergence of explicitly given functions of
p (that is, we do not use the convergence of fi ,, f> , in those terms), so they can easily
be treated. On the contrary, the two last terms are related to the convergence of fi ,, f2 .
The term J; 5 ip is the one for which care is most needed, since it contains a product of two
(a priori) weakly convergent sequences.

Noticing that

PO (s, 0] 7)) = Y (s, v1.1)) < IVl [V, — 1]

Vi

=2l V{lloo |2 — —
p

’

and thanks to bounds (3.5) and (3.6), it is easy to prove that

lim J! = lim J? ,=0.

p—>0 ’ p—>00

Moreover,

Y (s, 0y 1) =Y (s, v1,7) = (V) , —v1) - Vo, ¥ (s, v1,7) + T (1, 02,7, 5, p)

2pr—3
ZW[ (UZ_;>i|(w leﬂ(s Ul,}"))

+ T (vi,v2,71,8, p),

with, since ¥ € C2([0, T] x R® x [1, rg)),

D}y ||
IT (vi,v2, 1,8, pP)| < > ——=v;, —wl
Cy || D? v |
_ Gl ZWIIOO }vz__l
p

Then
2
[P(l/f(s, vy e 1) — Y (s,v1,7)) — r—3(w -V, ¥ (s, v, 1) (v - w)] | - vy

C Dy (1
- Gl DY | (_2|U2|2+m|v2|>
p p

r3

C, (ro)|| D? va v |? v |2 |?
n st (rO) | Dy ¥ |l oo <|v2|3+ | 2||21| +2| 12| )
P P p

and thanks to bounds (3.5), (3.6), and (3.15), we see that lim,_, », J3 , = 0. Moreover, one
can write

T
Jf‘,p =/ /R (s, v2)(fo,p (s, v2) — fo(s, v2))(1 + [v2]P)dvads
0 3
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with h € L®([0, T] x R3); so that thanks to the weak convergence of (f>. p)pen+ and to the
bound (3.15), we get lim,,_, Jﬁp = 0. It remains to prove that lim,_, o, Jf:p = 0. We write
for that

T ro 2¢
Jﬁp:/o /1;3/; TVUII//(s,vl,r)~kp(s)(f1,p(s,v|,r)—fl(s,vl,r))drdvlds,
where

kp(s):/ [a)fz,p(s,v2)|a)-v2|(v2-a))da)dv2.
R3 JS§2

Thanks to estimate (3.5), the sequence (k) yen+ is bounded in L*([0, T']). Moreover, for all
h>0andt €0, T]such thatt + h < T, the following estimate holds for all p € N*:

f lkp(s +h) —k,(s)|ds
0

t
<o
0

X/ wl|lw - v2](v; - w)dwdvdt
S2

s+h
/ /R% [cR5 ,(f1,ps f2.p)(T,02) + Q(f2,p, f2.p)(T, v2)]

ds

<htCy sup / Fop(t.v2) (I’ + 1) dvy
7€[0,T], peN* JR3

X[ sup fl,p(T;Ulvr)<l+7+7+7>d1‘dv1

7€[0,T],peN* JR3

+ sup /R3 frp(@ ) (2l + 1)dvz]-

t€[0,T], peN*

Using estimate (3.15), we deduce then from the criterion of strong L' compactness that
{k,, p € N*} strongly converges (up to a subsequence) in L'([0, T]). But

f02
// 2V (501 ) Frp (s, 01, 7) — fi(s,v1, P)drdv,
R3J1 T

tends to 0 in L*°([0, T']) weak*. This allows us to conclude that lim,,_, », Jﬁp =0.
2. Let g € CL([0, T] x R*). We can write

T
/3/ @, VIR (f1ps frp)(s,v)dvds =1, — 1, ,,
R JO

where we denote

T ro
IZp:C/f[// @(s,0) ) f1,p(s,v1,7) f2,p (5, v2)
0 JR3JR3JS? J1
(5-+)
w:|— —U
p

drdwdv,dv,ds,

1 2
X +r
(s +)
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and
T ro
1£p=6///// @(s,v2) f1,p(s, v1,7) f2,,(s, v2)
0 JR3JR3Js?J1
L o (2 drdwdvidvyd
X r)] lo-[——v rdwdvidvyds.
2 Jrpe > 2 1d vy
Denoting
T ro
I;:c/ <// rzfl.;,,(v,r)dvdr>
0 R3 J1
x/ /ga(s,vz—Z(w-vz)a))fz(s,vz)la)-vzldwdvgds,
R3 JS2
and

T ro
, = c/ (/ / rzfl,m(v,r)dvdr)
0 R3 J1

X/ /‘P(&Uz)fz(& n)|w - vldodv.ds,
R3 J§s?

we prove that lim, . I, = I (the proof can then be easily adapted to show that
lim,,_, I, = ;).
Thanks to relation (3.1), we notice that for all ¢ € [0, T'],

o ro
// fl,,,(t,v,r)rzdrdv:// fl,;,l(v,r)rzdrdv
R3J1 R3J1

and we write the difference 1,7, — I, as the following sum:

L, - =0, + 05, +5,+1,

T ro
'121]):6/ / / fl,in(vlar)rzdrdvl/ / |- vy
’ o Jr3Ji r3 Js2

X @(s,v2 — 2(w - V)W) f2, (5, V2) — fa(s, v2)ldwdvads,

T 40)
Jz%p =c/ / / / / @(s, 05 ,) f1.p(5,v1,7) f2,p (5, 02)
0 JRIJR3JS?2JI
| 2

+ r) - r2> |w - valdrdwdvidv,ds,

where

: ((2W

T Uy , 1 ’
]Zp:c/(; /R} /]R3 /52/1 (p(s,Uzyp)fl,p(s,Ul,r)f2,p(s,v2)<2 Tpc—l—r)

X (‘w (ﬂ — vz)‘ —|w - v2|> drdwdvdv,ds,
p
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T ro
By, = Cf / f f (p(s, 5 ,) — @(s, v2 = 2(@ - v2)w))
0o JRr3J1 R3 J§2?

x r¥w - v f2,p (5, v2) f1,p (s, v1, r)drdvidwdv,ds.

Firstly we have:

ro
‘]21[) :/ / frin(ui, r)dviridr
' 1 JR3
T
X/ /Sb(S,Uz) [fo.p(5,v2) = fa(s, v2) ] (1 + |[v2]dvads
o JR
with
b(s, v3) = — [ 0602 - 20 wiw)io- wid
S, V) = ———— s,V —2(w- m)w)|w - n|dw,
MERNTENTN S ’ ’
and since b € L®([0, T] x R?), the convergence of (f2,p) pen+ in

L>([0, T]; L' (R?, (1 + |v])dv)) weak* implies that lim,_, o le’p =0.
Then, we can observe that

CS o
1)1 = elllT f % / Fom(vy, Pydrdvy
R>J1
X sup fo.p (T, v2)|v2]dvy,

7€[0,T], peN* JR3

and

C, 0]
|J23p| < p[ lellooT sup . /3/ fl,p(l-v vy, r)|vy|drduv,
7€[0,7], peN* JR3 J1

X sup fo.p (T, v2)dvs,
7€[0,T],peN* JR3

0.

so that lim, .o, J7 , =0 and lim,, . J; , =

Finally, we have the following estimate:

T ro
eVl [ [ 7 At g e
o JRr3JR3JI

X / vy, — (2 = 2(@ - v2)w)|dwdrdvydv,ds,
S2
with

’ 2[72 V1
|U2$,,_(U2_2(0)’U2)0))|= —W w - Uz—; w+2(w-v)w

C,
p’ (1+ o) (1 + [val).

=

We conclude that lim,_, J; , =0.
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3. Let ¢ € C.([0, T] x R?). Let us write:

T
/ / 9(s, v)[Q (f2.ps f2.p) (5, 0) = Q“(fa, o) (s, v)]dvds = Ay ) — Az p,
0 JR3

where we denote

T
Al,p:/ / / /[fZ,[z(sav)fZ,p(Syv*)_fZ(Syv)fZ(s, U*)]
0 JR3JR3 Js?
x ¢(s, V) Clv — vi|*dodv.duds,

and

T
tap= [ [ ][0t ts.00 = o0 fas v
0 JR3JR3 Js?
x (s, v)Ceylv — vi|*dodv,dvds.

We prove here that lim, . A; , =0 (the proof can easily be adapted to show that
lim,,_. Az, =0). We write A ,, as the following sum:

Alql’ = ‘1314,[1 + ‘]32.17’

where
T
J31‘p:/ f / / f2(ss v)[fZ,p(sa U*)_fZ(ss U*)]v
0 JR3JR3 Js?
x (s, v/)C;‘ﬂ|v —v,|*dodv.dvds
and
T
73, =/ fzxp(s, VLf2.p(5,0) = fols, v)ldvds,
0 JR
with

kp(s,v) = / / o(s, v’)C;’ﬁlv — 0% f2,, (5, v)dodv,.
e ) 7
Since (f2,,) pen+ converges to f, in L>(([0, T'1; L'(R3, (1 + |v|)dv)) weak*, it follows that

lim, o 71, = 0.
Then, using the weak formulations of Q“ and R;”, we observe that

ro v o v
|asxp(s,v>|scﬁ||¢||m//f <|v|“+|vz|“+‘—‘ >(|v2|+‘—“>
R3 JR3 J1 )4 p

X f1,p(s,v1,7) f2,p(s, v2)drdvadv,
+er||§0||m°/ / (I01% + [v2]* 4+ [w]*) (Jva|* + [w]*)
R3 JR3

X fo,p(s,w) fo (s, v2)dvodw

+ Crllds @l Lo (1 + |v|°‘)/3 fa.p(s, v2) (1 + [v2])dv,.
R
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566 F. Charles, L. Desvillettes

As a consequence, we can extract from (k,),en+ a subsequence which converges a.e. in
[0, T] x R3. Since moreover

licp (s, V)| < Coll@llLe (1 + |U|a)/3 Ja.p(s, v2)(1 + 02| )dvs,
R

the weak™ convergence of (f2,)pen+ in L¥([0, T; L'®R3, (1 + |v|)dv)) implies that
lim,_, o J32, » = 0. This ends the proof of Proposition 3.3 |

We can then deduce from Proposition 3.3 that f; and f, are weak solution of (1.18)—
(1.20), in the sense given by (1.22) and (1.23). This ends also the Proof of Theorem 1.1. [J

Remark Note that f;;, being a function (that is, not only a measure), the solution of the
equation
fi

a
o Tdv(K(2)f1)=0

is itself a function, given by
t
filt,v,r) = fiin (v —/ K(f2)(s, r)ds,r> .
0

Remark Let us also notice that thanks to classical arguments, uniqueness holds for “reason-
able” solutions of (1.1)—(1.2), since this system involves three Boltzmann kernels for cutoff
hard potentials or hard spheres. It also holds for the limiting model (1.18)—(1.19). Indeed,
(1.19) is now autonomous (that is, not coupled to another equation), and it involves a mix-
ture of a linear and a nonlinear Boltzmann kernel for cutoff hard potentials or hard spheres,
for which uniqueness can be proven thanks to classical arguments. Then (1.18) is (for a
given f>) a linear transport equation for which uniqueness is also classical (once again for
“reasonable” solutions and initial data).
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